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The productivity of space-based imaging satellite sensors to collect images is directly
related to the agility of the spacecraft. Increasing the satellite agility, without changing the
attitude control hardware, can be accomplished by using optimal control to design
shortest-time maneuvers. The performance improvement that can be obtained using
optimal control is tied to the speciﬁc conﬁguration of the satellite, e.g. mass properties
and reaction wheel array geometry. Therefore, it is generally difﬁcult to predict perfor-
mance without an extensive simulation study. This paper presents a simple idea for
estimating the agility enhancement that can be obtained using optimal control without
the need to solve any optimal control problems. The approach is based on the concept of
the agility envelope, which expresses the capability of a spacecraft in terms of a three-
dimensional agility volume. Validation of this new approach is conducted using both
simulation and on-orbit data.
& 2015 Published by Elsevier Ltd. on behalf of IAA.1. Introduction
Space-based image collection can be described as
choosing a sequentially ordered set of collection activities,
from among a larger set of image requests, that maximize
a speciﬁed beneﬁt, e.g. revenue, while remaining com-
pliant to several time-dependent constraints. Maximizing
this beneﬁt is dependent, in part, on how efﬁciently the
spacecraft to which the sensor is afﬁxed can be maneuv-
ered between collection regions. The ability to maneuver
between collection regions as quickly as possible is
important because each region of interest is only in the
sensor ﬁeld-of-view for a limited time. Because slew time
has a direct inﬂuence on the productivity of imaging
satellites as well as other scientiﬁc missions, time-optimal
attitude slew maneuvers have been extensively studied in
the literature [1–8].alf of IAA.
tates Naval Academy,
21402, USA.Time-optimal attitude maneuvers utilize synchronized
rotations about all three axes of the body-ﬁxed frame. The
maneuver trajectories are obtained as the solution to an
optimal control problem, and allow for higher spacecraft
acceleration and rotation rates than are possible by rotat-
ing about a ﬁxed eigenaxis. Thus, the spacecraft can be
reoriented more quickly than a conventional eigenaxis
maneuver. The ﬁrst time-optimal attitude maneuvers
performed on orbit were implemented as part of a series
of attitude control experiments conducted on the NASA
Transition Region and Coronal Explorer (TRACE) in August
2010 [9,10]. Successful ground tests of the concept for agile
spacecraft actuated by control moment gyroscopes have
also been performed at Honeywell [11,12]. The sum of
these results showed that reductions in slew times greater
than 50 percent are possible as compared with conven-
tional maneuvers.
The performance enhancement that is achieved using
optimal control is a result of considering the actual
spacecraft dynamics, as opposed to kinematics models
upon which conventional eigenaxis maneuvers are based.
The range in achievable performance enhancement is,
Table 1
Inertias of the example imaging spacecraft.
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satellite, e.g. mass properties and reaction wheel array
geometry. As such, assessing the potential beneﬁts of the
optimal control approach must be done on a case-by-case
basis by solving a series of optimal control problems that
cover the operational envelope of interest. Performing
such a simulation study can be a time consuming activity,
and one that requires the investment of typically limited
resources.
Previous literature has focused on demonstrating the
beneﬁts of optimal control for a spacecraft maneuvering
problem by solving multiple problems for a speciﬁc
spacecraft in order to predict the overall beneﬁt. Therefore,
a relevant question to ask is whether an approach exists
for estimating the potential beneﬁts of optimal control
solutions quickly and easily. This goal of this paper is to
address this question. In particular, we develop a new
approach for predicting the potential beneﬁts of time-
optimal slews, hereafter referred to as shortest-time
maneuvering (STM), without the need to solve optimal
control problems. Because the new method does not
require solving multiple optimal control problems, the
savings in time and resources during the investigation and
analysis of alternatives phases of a spacecraft system
design can be signiﬁcant.
The new method is based on the concept of the agility
envelope, which expresses the capability of a spacecraft in
terms of a three-dimensional agility volume. The agility
envelope provides immediate graphical insight into the
agility of a satellite system across: (i) various maneuvering
strategies, (ii) various control allocation schemes and (iii)
various attitude control system (ACS) hardware conﬁg-
urations. Once the estimated performance is computed, it
can be realized in practice by solving the optimal control
problem and implementing the resulting shortest-time
maneuvers, or by redesigning the spacecraft ACS by
using larger hardware along with conventional maneuver
design techniques. Clearly, implementing the former,
optimal control-based solution, is advantageous in order to
avoid costly increases in size, weight and power of a larger
ACS. In addition, shortest-time maneuvers can be imple-
mented on systems that already meet speciﬁed require-
ments on slew time to enable the use of smaller
momentum exchange devices while meeting the same
performance requirements. The resulting reduction in ACS
size, weight, and power can then be allocated to the
payload.
To this end, we ﬁrst discuss conventional eigenaxis or
industry standard maneuver (ISM) and how it is designed
based on kinematic constraints given as limits on angular
rate and acceleration. These limits are based on a worst-
case analysis of the spacecraft torque and momentum
storage capability. The agility envelope illustrates that the
ISM utilizes only a fraction of the available capability of a
given system. It is this “hidden” capability that is exploited
by optimal control techniques in order to enhance agility
without the need for larger hardware. We then show how
simple calculations based on the geometry of the agility
envelope can be used to estimate the average performance
that is achievable using the optimal control-based
approach. To validate this new idea, the agility envelope-based prediction is compared against a simulation study
for a typical reaction wheel spacecraft conﬁguration in
which several thousand optimal control solutions are used
to establish a performance benchmark. This new approach
is further validated against actual on-orbit ﬂight data from
the NASA Transition Region and Coronal Explorer (TRACE)
spacecraft.2. Spacecraft model
In order to objectively compare the performance of
different maneuvering algorithms, a typical reaction wheel
spacecraft was modeled to serve as the baseline vehicle
conﬁguration under consideration. The dimensions of the
satellite is 1 m1 m1.5 m, and weighs approximately
150 kg. The asymmetric spacecraft has the properties lis-
ted in Table 1. The inertias are assumed to be constant over
the time span of a given maneuvering sequence.
The example imaging satellite uses four reaction
wheels for three-axis attitude control. The reaction wheels
are identical, and each is capable of producing 0.11 Nm of
torque and storing up to 1.5 N ms of momentum. The
inertia of each rotor about its spin axis is
2:8 103 kg m2. The reaction wheel pyramid is conﬁg-
ured as shown in Fig. 1. The reaction wheels are arranged
in the X–Y plane with a spacing of 901 between each
wheel. The spin axis of each wheel is also offset from the
X–Y plane by η¼ 35:261. The value of parameter η is
chosen as the value which maximizes the inscribed sphere
of the reaction wheel torque envelope [13]. The reaction
wheel alignment matrix for this conﬁguration is given by
A¼
cos ðηÞ 0  cos ðηÞ 0
0 cos ðηÞ 0  cos ðηÞ





2.1. System equations of motion
The spacecraft kinematics are described using inertial
quaternions of the form, ½q1; q2; q3; q4, with q4 taken as the
scalar term. The equation for the time derivative of the
spacecraft attitude, with q¼ ½q1 q2 q3T , is [14]:
_q ¼ 12 q4 iω
b iωb  q
 
ð2Þ
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the spacecraft body reference frame b with respect to the
inertial frame i.
The spacecraft dynamics are given by














where I is the spacecraft inertia tensor, aj a column vector
from A¼ a1ja2ja3ja4½ , and τj is the torque produced by the
jth reaction wheel.
The momentum stored in the jth reaction wheel is hj
and can computed from the wheel speed, Ωj, and rotor
inertia about its spin axis, Iw;j as follows:
hj ¼ Iw;jΩjþ Iw;jaTj iω
b ð5Þ
Finally, the rate of change in the speed of the wheel is





Eqs. (2)–(4) and (6) can be combined to give a set of ﬁrst-
order differential equations that describe the motion of the
spacecraft in response to the reaction wheel torque
commands.Fig. 1. Conﬁguration of reaction wheel pyramid for the exam
Fig. 2. Fixed-axis maneuver proﬁles: (a3. Conventional maneuvering
The rotation of a rigid body from one attitude to
another is typically performed around the eigenaxis [15–
17]. Even for a spherical body, these ﬁxed-axis maneuvers
are not time-optimal [1]. The eigenaxis slew does, how-
ever, represent a maneuver having the minimum angular
distance between two attitudes. As such, an eigenaxis slew
prescribes a particular path to follow and much work has
been done to solve the controls that minimize the time
needed to traverse this shortest distance path. Conse-
quently, eigenaxis slews are used as the standard bench-
mark for evaluating maneuver performance in both aca-
demia and industry [14,18]. Because an eigenaxis man-
euver is, by deﬁnition, a rotation about a single axis,
designing a trajectory for performing an eigenaxis man-
euver is straightforward using kinematics.
Minimum-time kinematic maneuvers about a ﬁxed axis
can be implemented by applying the maximum accelera-
tion for part of the time and the maximum deceleration for
the other part. This bang-bang acceleration proﬁle [19] is
illustrated in Fig. 2(a). The application of a bang-bang
acceleration results in a linear increase in rate, followed by
a linear decrease in rate. Thus, the rate trajectory has a
triangular shape. Maneuvers using this proﬁle are limited
by the maximum acceleration that can be generated with
the torque capability of spacecraft attitude control system.ple imaging spacecraft: (a) X–Y plane; (b) Z–Y plane.
) bang-bang; (b) bang-off-bang.
J.T. King, M. Karpenko / Acta Astronautica 120 (2016) 159–170162There are also cases when the application of the maximum
acceleration over time is such that a maximum vehicle rate is
achieved (due to the limited momentum storage capacities of
the reaction wheels) before the switch time. Limiting the
designed maneuver to this maximum rate is done by intro-
ducing a coast period where the acceleration is zero. The
deceleration phase is then executed as before. A rate limited
maneuver is called a bang-off-bang, or a “trapezoidal” man-
euver owing to the shape of the rate proﬁle as shown in Fig. 2
(b). Depending on the operating regime, ﬁxed axis time-
optimal maneuvers may thus be divided into two categories:
acceleration limited and rate limited maneuvers.
3.1. Conventional maneuver limits
Since eigenaxis maneuvers are kinematics based, it is
necessary to deﬁne a limiting rate and acceleration that
can be achieved around any given axis to ensure that all
maneuvers are dynamically feasible and can actually be
executed on the spacecraft [18]. For a given maneuver axis,
the acceleration is directly proportional to the available
torque and inversely proportional to the moment of inertia
about the maneuver axis. The rate is similarly proportional
to the momentum that can be stored by the reaction wheel






The maximum acceleration guaranteed to be achievable
for any axis can be found by decreasing the numerator and
increasing the denominator of (7) to their respective
extremes. This worst-case analysis requires the smallest
maximum torque for any axis and largest moment of
inertia about any axis. Any other combination will result in
the potential for a commanded acceleration that cannot be
executed for every axis. For the example satellite under
consideration, the maximum inertia value needed is the
largest principal inertia value, Imax ¼ 41 kg m2. The smal-
lest maximum torque can be found as the radius of the
largest inscribed sphere of the reaction wheel torque
envelope. For the four wheel system considered here, the
radius of this sphere is 1:63τmax where τmax ¼ 0:11 Nm is
the torque capability of a single wheel [13]. The accelera-








For a reaction wheel array, the momentum envelope
has an identical geometry to the torque envelope. Thus,
the largest momentum that may be stored by the array
about an arbitrary axis is also given by a sphere of radius
1:63hmax, where hmax ¼ 1:5 N ms is the momentum storage
capacity of a single wheel. Thus, the rate limit for man-
euver design is
ωmax ¼ 1:63hmaxImax






Recalling Fig. 2(a), a minimum-time ﬁxed axis man-
euver has a bang-bang acceleration proﬁle with the full
positive acceleration applied for half the total maneuver
time and full negative acceleration for the remainder.Provided that ωðtÞoωmax for 0rtrtslew, the acceleration-
limited maneuver can be performed. Since the angular rate
and position trajectories can be found by piece-wise
integration, the total time for an acceleration-limited







As the length of the slew increases, the maneuver will
become saturated when the limit ωmax is reached. The
overall time for a rate-limited eigenaxis maneuver is
obtained by determining the lengths of the two acceleration
periods and the length of the coast period. Since the time it
takes to saturate the rate is tsat ¼ωmax=αmax and the coast
period is tcoast ¼ ðθθcritÞ=ωmax, where θcrit ¼ω2max=αmax,
the total time for a rate limited (BoB) maneuver is simply







Using (10) and (11), a plot of the slew time versus angle of
rotation for a ﬁxed axis maneuver can be created as shown in
Fig. 3. For the example spacecraft conﬁguration under
investigation, the cross-over between acceleration and rate
limited slews occurs at the slew angle of 46:21. A plot similar
to the one shown in Fig. 3 can be used to predict the slew
performance of the vehicle for mission planning.4. Time-optimal maneuvering
Solving an optimal control problem is one way to
enhance the performance of a given system. This is done
by modeling the system dynamics and results in a reduc-
tion or elimination of the undue conservatism introduced
as part of kinematic maneuver design. The optimal control
problem is comprised of four fundamental elements: the
cost functional, dynamic constraints, boundary conditions,
and controls [21].
There are an inﬁnite number of different optimal con-
trol problems that can be formulated simply by varying
the cost function to be minimized. For agile maneuvering,
a relevant cost functional is the maneuver time, tf to. The
dynamic constraints are given by (2)–(4) and (6).
The boundary conditions include the initial and desired
ﬁnal attitude quaternions for a given maneuver, the initial
and ﬁnal body rates (assumed to be zero for rest-to-rest
slews), and the initial reaction wheel momenta, expressed
in terms of the initial wheel speeds. The ﬁnal system
momentum is dictated per the conservation of angular
momentum. Control allocation need not be considered
because the controls are the individual reaction wheel
torques, τj, and not the resultant body torques as would
normally be considered for feedback system design.
The solution to the optimal control problem are the
reaction wheel torque trajectories, τjðtÞ, that minimize the
cost function subject to the dynamic constraints and
boundary conditions of problem Bðxo; xf Þ in (12).
Solutions to the optimal control problem in (12) are
called shortest time maneuvers (STMs) [9] and can be
J.T. King, M. Karpenko / Acta Astronautica 120 (2016) 159–170 163obtained using a Legendre pseudospectral method [11].
Because the optimal control is not restricted to the
eigenaxis, the full envelope of spacecraft capability is
accessible as part of the solution to the maneuvering
problem. Therefore, it is possible to achieve higher per-
formance in both rate and acceleration. Fig. 4(b) illustratesFig. 3. Fixed axis maneuver performance for the example imaging
spacecraft.
Fig. 4. Example rate and acceleration proﬁles for a 75° maneuver using: (a)




Minimize Jslew ¼ tf−to


















Iw _Ω j ¼ τj ∀ j¼ 1;…;4
1¼ q21 þ q22 þ q23 þ q24 ∀ t∈½to; tf 
jhjj≤hmax ∀ j¼ 1;…;4
jτjj≤τmax ∀ j¼ 1;…;4
xo ¼ qðtoÞ; iωb ðtoÞ;ΩðtoÞ
h iT
xf ¼ qðtf Þ; iωb ðtf Þ;Ωðtf Þ
h iT
8>>>>>>>>>>>>>>><
>>>>>>>>>>>>>>>:this performance enhancement as compared to the con-
ventional maneuver and its kinematic limits shown in
Fig. 4(a). Fig. 4 clearly shows that the STM accelerations
and rates far exceed the worst case limits used for kine-
matic maneuver design.conventional maneuver and (b) shortest-time maneuver. Conventional
Fig. 5. Range in STM times for various maneuver sizes (denoted by blue











Fig. 6. Matching the average optimal control performance using larger
reaction wheels (γ¼1.5).
J.T. King, M. Karpenko / Acta Astronautica 120 (2016) 159–170164To further illustrate the performance enhancement that
is possible using optimal control, a simulation study was
done wherein a number of shortest-time maneuvers were
designed for nominal rotations about each body axis as
well as the axes of minimum and maximum inertia. For
each nominal axis, various maneuver lengths: 11 to 121 in
three degree increments followed by 151 to 901 in ﬁve
degree increments, were solved using (12). The variability
in slew times for each maneuver size, θ are denoted by the
error bars in Fig. 5. The benchmark eigenaxis performance
is included for reference (solid line). As can be seen, the
optimal slews always outperform their eigenaxis counter-
parts. The precise value of the performance enhancement
does, however, vary with the maneuver axis.
4.1. Matching optimal control performance with larger
wheels
In order to achieve optimal control-like performance
without implementing optimal control solutions, larger
ACS hardware can be used at the expense of increased size,
weight, and power. Let γ denote a performance factor such
that αnew ¼ γ αold. Setting αmax ¼ γ αmax in (10) gives the









For a given spacecraft, applying factor γ to the acceleration
is the same as increasing the reaction wheel torque by an
equivalent amount. By using a wheel with a larger torque
capacity, the momentum storage will also increase according
to the empirical relation [22], τmax ¼ 0:27ðhmaxÞ0:5351. So, an
increase in torque by an amount equal to γ ¼ 1:5 results in an
increase in momentum storage capacity by a factor of 2.1. The
decrease in slew time that can be obtained using larger
reaction wheels is shown in Fig. 6. The baseline performance
ðγ ¼ 1:0Þ and the optimal control results are included for
reference. Fig. 6 demonstrates that the increase in reactionwheel physical capacity allows a level of performance that
more closely matches the average performance of the STMs.
An alternative to increasing the size of the ACS hard-
ware would be implementing the optimal control solu-
tions. To quantify the predicted performance increase, the
spacecraft agility envelope must be computed.5. Spacecraft agility envelope
The spacecraft agility envelope [11,23,24] expresses the
capability of a spacecraft in terms of a three-dimensional
agility volume. The geometry of the agility volume pro-
vides immediate insight into the performance boundary
that is achievable by a particular system conﬁguration and
maneuvering scheme. Unlike the artiﬁcial limits imposed
on performance by the spherical envelope used for kine-
matic maneuver design, the agility envelope of a typical
system is generally not spherical. Therefore, enhanced
performance can be achieved by computing the values of
αmax and ωmax for the speciﬁc axis about which a man-
euver is to be performed. Note that for kinematics-based
maneuver design, this concept breaks down for non-rest
maneuvers since the axis of rotation does not remain ﬁxed.
This forces conventional maneuvers to revert to a spherical
design envelope, which is part of the reason they tend to
be operationally conservative. The optimal control
approach, on the other hand, can access the entire agility
volume via the system dynamic equations which are
included as part of the problem formulation.
Since the angular acceleration about a given axis is
α¼ τ=I, the maximum angular acceleration about any
arbitrary axis can be obtained by ﬁnding the maximum
torque capability and the effective moment of inertia for
every axis over the 4π steradian. A similar operation can
be carried out with respect to the system momentum
envelope in order to obtain the maximum angular rate
that can be developed about any arbitrary axis. Thus, in
order to plot the agility envelope, it is necessary to ﬁnd the
maximum torque, momentum and equivalent inertia
about an arbitrary axis.
The maximum torque that can be generated along a
particular rotational axis, e^, is the sum of the torque




ðaj  e^Þτj ð14Þ
where τj are the individual reaction wheel torques that
maximize τe^ . Due to the similarity of the torque and
momentum envelopes for reaction wheel systems, the
maximum momentum capacity along a particular axis can
be found similarly to the maximum torque. Simply
exchange momentum, h, for torque, τ, in (14).
Fig. 7 shows the three-dimensional torque envelope for
the reaction wheel conﬁguration under consideration in this
paper. As mentioned earlier, the skew angle of the array was
conﬁgured in order to maximize the inscribed sphere [13].
While the radius of the inscribed sphere is 1:63τmax
¼ 0:18 N m, the maximum torque that can be developed is
along the Z axis and is equal to 2.31 τmax ¼ 0:25 N m. Thus,
Fig. 7. Reaction wheel torque envelope.
Fig. 8. Spacecraft agility envelope with kinematic spherical agility envelope (red
(d) Y–Z projection.
J.T. King, M. Karpenko / Acta Astronautica 120 (2016) 159–170 16540% more torque is available about the Z axis than the
spherical envelope predicts. The radius of the spherical
momentum envelope is 1:63hmax ¼ 2:45 N ms while the
maximum momentum capacity is 2:31hmax ¼ 3:47 N ms
(also along the Z axis).
In contrast to ﬁnding torque about an arbitrary axis,
ﬁnding the effective inertia about axis e^ is done using a
similarity transform
Ie^ ¼ e^T Ie^ ð15Þ
Plotting the values of Ie^ over 4π steradian results in an
inertia envelope. Note that the geometry is not the inertia
ellipsoid commonly illustrated in textbooks, e.g. [18]. The
inertia envelope is non-spherical owing to the variation in
the values of the spacecraft principal inertias.
The spacecraft acceleration agility envelope is found, in
essence, by dividing the geometry of the torque envelope
by the geometry of the inertia envelope. Fig. 8 shows the
result of this operation for the example imaging spacecraft
along with the spherical acceleration enveloped that is): (a) three-dimensional rendering; (b) X–Y projection; (c) X–Z projection;
J.T. King, M. Karpenko / Acta Astronautica 120 (2016) 159–170166used for kinematic maneuver design. The results for the
rate agility envelope are similar and are omitted for
brevity.
Referring to Fig. 8, the slew capability of the satellite is
far from spherical. In fact, the radius of the spherical
acceleration envelope is quite small in comparison with
the extrema of the agility envelope. This discrepancy is
representative of the amount of system capability that is
discarded using kinematic-based maneuver design. All of
this “hidden” capability can, however, be recovered by the
optimal control in order to reduce the maneuver time as
evidenced by the results of Fig. 5.
5.1. Inﬂuence of control allocation
To implement conventional maneuvers, the accelera-
tion proﬁles can be scaled by the inertia and fed forward
into the feedback loop, for example, a quaternion error-
based control. The requested torque must then be mapped
from the body-ﬁxed frame and allocated to the individual
reaction wheels. The transformation from reaction wheel
(RW) to body frame is done by inverting A. However,
because A is not square for over-actuated systems, it is not
directly invertible. The Moore–Penrose pseudoinverse
(Aþ ) is therefore commonly used [14,15,18] to map the
torques to the individual wheels in a least-squares sense.
The Moore-Penrose pseudoinverse is given as
Aþ ¼AT ðAAT Þ1 ð16Þ
The pseudoinverse allocation renders a portion of the
torque envelope shown in Fig. 7 inaccessible and reduces
the radius of the inscribed sphere by nearly 20% [22]. This
reduction in available torque reduces the radius of the
spherical acceleration envelope and represents another
reason why conventional algorithms tend to be con-
servative. Thus, the spherical agility envelope using
Moore–Penrose allocation will be smaller than the one
shown in Fig. 8. Moreover, actuator dynamics and con-
troller uncertainty require an additional margin be
applied, which further reduces the maximum acceleration
limit [14]. This aspect is worth mentioning since the
application of the agility envelope concept to other sys-
tems requires that the control allocation scheme used be
considered when constructing the agility envelopes. In this
paper, however, it is assumed that L1 allocation of torques
to the individual RWs is used so that the entire torque
envelope is accessible for conventional maneuvering. This
ideal case can be realized in practice using an iterative
method developed by Markley et al. [13].6. Estimating optimal control performance
The objective of this paper is to present a simple
approach for estimating the performance enhancement
that can be realized using optimal control, but without the
need to solve optimal control problems. The notion of
computing a spherical limit with equivalence to the aver-
age optimal control performance was ﬁrst developed by
Crews [22]. In this paper, we develop such an equivalencein terms of the relative volumes of the agility envelope and
its inscribed sphere.
As already stated, one reason why optimal control
maneuvers can be completed in a shorter time is because
the spacecraft dynamics are not constrained to the kine-
matic limits necessary for conventional maneuver design.
The increase in agility for the optimal maneuvers is a
result of the “hidden” system capacity embodied in the
larger volume of the agility envelope as compared to its
inscribed sphere. The performance improvement can be
captured in terms of an equivalence parameter, γa [25].
Since the volume of the agility envelope is proportional to
the cube of the maximum acceleration (or rate), parameter
γa is naturally expressed as the cube root of the ratio of
two agility volumes, for example, the ratio of the volume







The volume of the spacecraft agility envelope (relevant
to optimal control maneuvers) was estimated numerically
using a convex hull from the set of points deﬁning the
boundaries the agility envelope geometry. While the
convex hull is only an approximation of the volume, it is
sufﬁcient to estimate the γa factor, which is the cube root
of the volume ratio. The volume of the spherical envelope
for conventional maneuvering was calculated as the
volume of a sphere having a radius of 0:251=s2 from (8).
Thus, for the spacecraft model of the present paper, the






Taking the radius of the optimal control equivalent
sphere to be γa αmax, we conjecture the average perfor-
mance that can be realized using shortest-time maneu-
vering is the same as the performance of a conventional
maneuver design approach inﬂated by the factor, γa.
The optimal control equivalent sphere is shown in Fig. 9
along with the original kinematic spherical agility envel-
ope for reference. The optimal control equivalent sphere
has the radius γaαmax ¼ 1:41ð0:251=s2Þ ¼ 0:351=s2, which
extends beyond the boundaries of the agility envelope in
some regions. In these regions, the value of α¼ 0:351=s2 is
not achievable, so the time-optimal solution could be
slower than the equivalent sphere. In regions where the
optimal control equivalent sphere is inside the agility
envelope, time-optimal slews can be faster than the opti-
mal control equivalent sphere. The optimal control
equivalent sphere, therefore, is simply used to represent
the volume of a sphere that is equal to the volume of the
agility envelope. While the optimal control equivalent
sphere can be used to predict the beneﬁts of optimal
control without solving an optimal control problem, it is
necessary to solve problem (12) in order to design man-
euvers for ﬂight implementation.
Part of the challenge in predicting the performance
possible using optimal control concepts lies in the fact that
the trajectory of a shortest-time maneuver is generally not
Fig. 9. Spacecraft agility envelope with kinematic spherical agility envelope (red) and optimal control equivalent sphere (blue): (a) three-dimensional
rendering; (b) X–Y projection; (c) X–Z projection; (d) Y–Z projection. (For interpretation of the references to color in this ﬁgure caption, the reader is
referred to the web version of this paper.)
Fig. 10. Range in optimal maneuver times for several maneuver sizes
over the sphere. Curves for baseline (black) and predicted average opti-
mal performance (red) included for reference.
J.T. King, M. Karpenko / Acta Astronautica 120 (2016) 159–170 167intuitive. The shortest-time trajectory depends on how the
angular acceleration and rate are maximized by traversing
the boundaries of the agility envelope. The speciﬁc path
taken tends to maximize torque while choosing the axis of
rotation that minimize the effective inertia so that the
acceleration and rate proﬁles tend towards the extrema of
the agility envelope volume.
By computing the equivalence parameter γa, however,
it is possible to recast the optimal control performance in
terms of an equivalent conventional slew. Using γa from
(18), the equivalent ﬁxed axis maneuver times can be
calculated per (13) (similar to Fig. 6) in order to estimate
the expected improvement in maneuver performance that
can be obtained using optimal control.
To conﬁrm our conjecture that the average perfor-
mance beneﬁt that can be realized by shortest-time
maneuvering is the same as the performance of a con-
ventional maneuver design approach inﬂated by the factor,
γa, several thousand shortest-time maneuvers were solved
J.T. King, M. Karpenko / Acta Astronautica 120 (2016) 159–170168for maneuver axes covering the sphere. This was also done
for several maneuver sizes in order to sample a large span
of the potential operational space. The sphere was divided
into 5184 ﬁve-degree sectors which provided the initial
conditions for each maneuver of a given size. Fig. 10 shows
the range in maneuver times obtained for values of
θ¼ 151;301, and 751. Fig. 10 also shows the baseline con-
ventional maneuver times and the predicted equivalent
maneuver times obtained by using the equivalence para-
meter, γa. In this case, it was assumed that both the torque
capability and the momentum storage capacity are scaled
up by the same amount when the equivalent maneuver
times were computed. As is seen, the shortest-time man-
euvers are all completed more quickly than the baseline
conventional slews. More importantly, however, the curve
representing the predicted performance of the optimal
maneuvers is observed to pass through the center of the
range in optimal maneuver times.
The average time-optimal slew time, as predicted using
the equivalence parameter is corroborated by the results of
Table 2 which gives the mean maneuver times for eachTable 2
Average and predicted times for shortest-time maneuvers.
Maneuver Mean optimal Predicted Error (%)
Size (deg) Slew time (s) Slew time (s)
15 13.13 13.07 0.46
30 18.41 18.49 0.43
75 28.90 28.68 0.76
Fig. 11. Individual slew times for shortest-time maneuvers of various sizes over t
line) included for comparison.optimal maneuver set and the estimated times obtained
using parameter γa. Table 2 shows that the average per-
formance of the shortest-time maneuvers can be predicted
to within 1% by using (18) to estimate γa.
The individual optimal maneuver solutions for each
maneuver size are shown in Fig. 11. The symmetry in these
ﬁgures is a result of the geometry of the agility envelope in
Fig. 8, which provides a fast axis around which maneuvers
can naturally be completed more quickly (the axis that
gives the maximum ratio of torque to inertia) as well as an
axis that is naturally slow (the axis that gives the mini-
mum ratio of torque to inertia). For small maneuvers (see
Fig. 11(a)), the optimal control solutions around the slow
axis are only slightly faster than the baseline performance
using a kinematics-based maneuver. This is because there
is insufﬁcient time to move away from the slow axis. As
the size of the maneuver increases, however, the optimal
control trajectories can move towards the fast axis of the
agility envelope and all the optimal slews can be competed
more quickly than the baseline kinematics-based man-
euvers. This effect is clearly shown in Fig. 11(b) and (c).7. On-orbit ﬂight test results
The method for estimating the improved slew perfor-
mance presented in this paper is a simpliﬁed approach
that relies on nominal system parameters. Actual opera-
tional spacecraft are more complex due to uncertainties in
Inertia or RW conﬁgurations as well as maneuveringhe sphere: (a) θ¼ 151; (b) θ¼ 301; (c) θ¼ 751. Baseline performance (black
Fig. 12. Maneuver performance for TRACE operational test maneuvers.
Curves for conventional eigenaxis (black) and predicted optimal perfor-
mance using γa (red) included for reference. (For interpretation of the
references to color in this ﬁgure caption, the reader is referred to the web
version of this paper.)
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best of the authors' knowledge, time-optimal slews have
only been employed on the NASA TRACE and these
experimental ﬂights provide the only telemetry from a real
satellite system that could be used to validate the pro-
posed approach [9,17]. These ﬂight demonstrations
showed that shortest time maneuvers are feasible for
implementation on board the spacecraft and further
demonstrated that time-optimal maneuvers can be pre-
dictably executed within the speciﬁed constraints without
reconﬁguring or otherwise modifying the existing space-
craft attitude control system.
The speciﬁc design parameters from TRACE, (see [23])
including imposed limits on acceleration and rate. For
TRACE, most maneuvers were rate-limited. An agility
envelope was constructed and compared to the conven-
tional eigenaxis slew performance. The imposed rate limit
on each body axis turned the agility envelope into a cube
circumscribed over the conventional spherical limit. The
on-orbit ﬂight demonstration included only eight typical
maneuvers to demonstrate the concept. The maneuver set
was not intended to represent the full spectrum of possible
maneuvers. The resulting slew time of each maneuver is
shown in Fig. 12 as an X. The conventional maneuver
performance as well as the agility envelope predicted
average performance (γ ISM) are also displayed for com-
parison. Fig. 12 shows that the predicted performance
derived from the agility envelope correlates well with the
actual performance of STMs across the maneuver set. This
use of experimental data from a real on-orbit satellite
further validates the beneﬁts and application of this new
method in evaluating actual spacecraft performance.8. Conclusion
This paper presented a simple approach for predicting
the increase in satellite slew performance that can be
achieved using optimal control to solve shortest-timemaneuvers. This estimate can be obtained without the
need to solve the optimal control problem and therefore
provides an easy way to assess the beneﬁt of implementing
optimal control solutions on a given satellite system. The
scheme is based on the spacecraft agility envelope, which
expresses the capability envelope of a spacecraft in terms of
a three-dimensional agility volume. The ratio of the agility
envelope volume to the volume of the conventional man-
euver agility sphere gives an equivalence parameter that
can be used to predict the performance of a shortest-time
maneuvering strategy in terms of equivalent ﬁxed axis
slews. While this parameter can be used to estimate the
beneﬁts of optimal control maneuvers, it cannot be used to
design actual maneuvers. It is necessary to solve the optimal
control problem in order to design maneuvers for ﬂight
implementation. The new approach was validated against
thousands of optimal control solutions for an example
satellite system and provides results in agreement with on-
orbit implementation of time-optimal slews.References
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